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Singular thin viscous sheet
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The evolution of a thin viscous layer is usually smooth. Here we conduct an experiment where the layer
adopts a singular shape. Using the analogy between the flow of a viscous liquid and the deformation of an
elastic solid, the theoretical analysis predicts a conical shape for the sheet and is in quantitative agreement with
the experiment.
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In numerous coating and casting operations, a liquid layepation xh®3), « being the bending modulus; a stretching
is removed from a roller and coated onto a web or other solidshearing deformation has an energy(R/h)? (dissipation
substrate. Product quality control requirements typicallyuhR?/3). As a consequence, in both cases, bending defor-
place constraints on the planarity and uniformity of the freemations are preferred. Equivalenfl§2], the time scale for
surface of these films. These coating processes can be fousgtetching is larger than for bending by a fact&/if)?>1.
in fiber coating[1], nanotechnology and electroni¢], To observe conical singularities for viscous sheets, we
pharmacology[3], solid mechanics testinfd], and optical  have devised an experiment showing the viscous analog of a
devices and panel[S]. Thin layers of viscous liquid5—14  gjrcylar cloth held on a stick. The experiment consists in
have received much attention during the past few years. I§jing a cylindrical tank with water and preparing a circular
these studies, the viscous sheets buckle or fold smoothlyyeet of sjlicon oil floating on the water surface. The silicon
Here we show that a viscous sheet may adopt a singulgjj is jess dense than water and 600 000 times more Viscous.
shape. A stick is placed along the cylinder axis and its tip is under

be;rrl]est\iNrr?lTratoe rlj vt;scc_)rl;slg[?llg]s 'Vr\}hzlerr:adczrllg(?o;:]eg;]easlohave[he water surface. The water is drained from the bottom of
y 18y | 9y 1Ihe cylinder. The silicon oil layer falls down with the water

between the flow of a viscous liquid and the deformations o . S .
an elastic solid. A thin elastic plate is similar to a thin vis- and when it reaches the stick it displays the equivalent of a
cloth.

cous sheet. Thin elastic films, when deformed, suffer two ) ) . o
types of deformations: stretching and bendja]. It is easy _The radlgsR of the sheet is a few cgntlmeters, while its
to bend a thin elastic sheet and it is difficult to stretch it.thicknessh is of the order of the capillary lengty/pg
Energetically speaking, stretching is much more expensive 1.5 mm, g being the acceleration of gravitpther quan-
than bending. As a consequence, large deformations of thitities are defined in Fig.)1 The water is drained through a
elastic sheets lead to the formation of singular structures likguick opening tap, a fast steady flow is obtained for 2 s,
the one observed in a crumpled paper; there is pure bendinghich is more than the typical tien1l s for an experiment.
almost everywhere and the expensive stretching is localize@he water surface is dropping at a rate 7.6 cm/s.
near the singularitie$17—19. In this paper, we observe When the viscous sheet reaches the stick, a small circular
conical singularities in viscous sheets similar to the oneart of radiusR.~2 mm of the sheet adheres to the stick
found in elastic sheef0-24. (Fig. 1). It is the equivalent of the core of a d-cone. 0.5 s
First, let us explain the elastic-viscous analogy. The streskter, the rest of the sheet folds in the orthoradial direction
tensor for an incompressibl@5] elastic solid of Young's (Fig. 1) and air penetrates under the sheet. The shape of the
modulusE, ;= —pd;; +2E/3u;; , has the same form as for sheet resembles a cone with the apex located at the tip of the
an incompressible newtonian fluid of viscosiy, ojj= stick. Later on(1 s), a few folds grow larger while the others
—pédi;+2udu;j/dt, p being the pressureg;; the identity  disappear. Eventually, the sheet is all stuck to the stick along
tensor, andy;; the strain tensor. If- is a characteristic time  which the fluid flows with a time scale of many minutes. We
of the flow, the equivalent of Young's modulus becomeshave measured the number of folds just after their formation
3ulr. The analogy results from the identity between the(Fig. 3). It increases with the rati&/h.
equations describing the solid equilibriufpo;; =0 and the More insight can be gained with the modeling of the ex-
Stokes equation describing a small Reynolds number flow. liperiment. We first consider the elastic equivalent problem: A
other words, the minimization of dissipation in a viscouscircular sheet placed on a stick, in the gravitation field. Due
flow is mathematically equivalent to the minimization of to the high cost of stretching and the stick constraint, we
elastic energy in a solid. For thin incompressible elastis-  expect a conical shape to develop so that, in polar coordi-
cous sheets of thicknesh and typical sizeR (h<R), a nates (,#), the vertical deflection of the sheet is given by
bending deformation has a typical energyEh%/9 (dissi-  &=rf(6). The shapd is given by the minimization of
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FIG. 3. The orthoradial wave number of the periodic pattern as
a function of the nondimensional parametery
=(pgR*/(uh?vIn(R/h)) (Eq. 2, which compares gravitational and
bending energy. The circles are experimental points and the con-
tinuous line corresponds to= 7 [Eq. (3)].

—1| Rfff”zd ! hRaffdG
M_EKnR_C (f+1")°do §pg

l ”
+§>\ff(f+f )do. 1)

The first term is the bending energy, proportional to the

FIG. 1. Top: Scheme of the experiment. A circular thin layer of bending modulusc, the second is the gravitational energy,

silicon oil (mass densityp=980 kg/n?, viscosity =600 Pa. s, an_d the third enforces t.he. constraint of no stretchitg 2]
surface tensioy=21 mN/m) is prepared ontop of water. The wa- using a Lagrange multipliex. The f!rst. and last terms are
ter is drained from the bottom, passing through a network of straw§OrrECt for not too largd. The grawtatlonal energy IS rel-
filing the section of the container to achieve a laminar flow. The€vant as for cloth$26]. The solutions(up to rotations are
velocity of the surface of the wateris=7.6 cm/s. When the sheet f(6)= nn~%(1+\2/(n*~1)sin()), the orthoradial (azi-
reaches the stick, a small zone near its center adheres to the stidkdutha) ~wave number n is integer and 7

air penetrates under the sheet and only its periphery remains irf (R3pgh)/(3xIn(R/R)) is the nondimensional parameter
contact with water. A periodic pattern develops then. The thicknesscomparing gravitational and elastic effects. Thus, a cloth on
the vertical scale and the zone near the stick are magnified. Tha stick shows a periodic pattern as can be observed in Fig. 2.
radius of the coreR; is defined here. Bottom: Top view of the The wave numben is selected by the boundary conditions.
experiment, the camera has been slighly inclined. The stick appears Let us turn now to the viscous transposition. The time
under the sheet. The periodic pattern has just formed, with a wavgcaler is defined by the experimental conditions and is im-
numbern=6. The viscous layer has a thickndss 2.4 mm and a posed here by the boundary conditions. The periphery of the
radiusR=3.6 cm. sheet of radiuRR is sustained by the water and falling at a
velocityv. As a consequence=R/v. Also, it has to be kept

in mind that this time scale is much smaller than the time
scale of the flow inside the shegtheir ratio is (/R)?
~10%]. The equivalent o; the bending modulE&®/9 of an
M elastic sheet is then= xh*/(37). As the sheet central zone
ﬂll{‘&{%@?&\i}}:\\\ adheres to the stick, the size of the core is not the same as in
ll“‘\\\\§§ N the elastic case. However, it can be given by the same argu-
ments: The bending, and the stretching energy have the
same order of magnitudgn elastic terms In the core, the
typical strain isv.7/R. and the curvature is R., v, being

the typical velocity in the core. To match to the conical
shape outside the core./R.~v/R. As a consequencé,

~E, leads toR,~h; the proportionality factor is unimpor-
tant because the dependencenodn R, is only logarithmic.

FIG. 2. The theoretical shape of the viscous sheet showing o sum up, the nondimensional parameter governing the
periodic pattern with a wave number=6, corresponding top problem reads

=36, n being the number comparing gravitational and bending

energies[defined by Eq.(2)]. The center of the sheet has been Rt
corrected to show the core of the conical singularity. This shape is 9= L 2)
similar to that of a circular cloth put on a stick. wh?vIn(R/h)
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It is a nontrivial function of almost all the parameters of theis 1. The comparison with the experimental défg. 3
system. As in the elastic case, the wave number is selecteghows good agreement with no adjustable parameter. Thus,
by the boundary conditions. Here, the sheet is sustained byithin an experimental time scale, the viscous sheet adopts a
the water: The mean velocity of the periphery of the sheet igonical shape similar to a conical singularity in an elastic
v, i.e., (d&di(R,0)=R[f(6)d6/7=nR/(n*T)=v. As a sheet. This conical figure, would give the viscous sheet its
consequence, final shape when coating the stick.

n=+7 3 The authors are grateful to H. Aref, Y. Couder, and S.

7 Rica for fruitful discussions and to R. Weaver for critical

We could expect thah increases W|th7] For instance, at comments. A. B. thanks the Department of Theoretical and
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elastic sheeft22,23, for which the orthoradial wave number Champaign for hospitality and support.

[1] H.M. Kanget al,, J. Appl. Polym. Sci79, 1042(200J. [14] N.M. Ribe, J. Fluid Mech433 135(2001).

[2] E.P. Maziarzet al, J. Am. Soc. Mass Spectronll, 659 [15] G. |. Taylor, inProceedings of the Twelfth International Con-
(2000; V.V. Abalyaeva and O.N. Efimov, Polym. Adv. Tech- gress of Applied MechanicgSpringer-Verlag, New York,
nol. 11, 69 (2000. 1969, p. 382.

[3] Z. Liu et al, J. Pharm. Scig9, 807 (2000. [16] L. Landau and E. LifchitzTheorie de I'dasticite (Mir, Mos-

[4] H. Chai and B. Lawn, J. Mater. Re$4, 3805(1999. cow, 1967.

[5] A. Bhatti, H.S. Al-Raweshidy, and G. Murtazam, J. Mod. Opt. [17] T.A. Witten and H. Li, Europhys. Let23, 51 (1993.
47, 621 (2000. [18] A. Lobkovsky, S. Gentges, H. Li, D. Morse, and T.A. Witten,

[6] S.M. Suleiman and B.R. Munson, Phys. Flu 1 (198J). Science270, 1482(1995.

[7] T.B. Benjamin and T. Mullin, J. Fluid MecH.95 523(1988. [19] M. Ben Amar and Y. Pomeau, Proc. R. Soc. London, Ser. A

[8] P.D. Howell, Eur. J. Appl. Math7, 321(1996. 453 729(1996.

[9] B.W. van de Fliert, P.D. Howell, and J.R. Ockenden, J. Fluid[20] S. Chéaeb, F. Melo, and J.-F. Geinard, Phys. Rev. Let80,
Mech. 292 359(1995. 2354(1998.

[10] A.L. Yarin and B.M. Tchavdarov, J. Fluid Mect807, 85 [21] E. Cerda and L. Mahadevan, Phys. Rev. L&#.2358(1998.
(1996. [22] E. Cerda, S. Chaieb, F. Melo, and L. Mahadevan, Naiuoe-

[11] G. Debrgeas, P.-G. de Gennes, and F. Brochard-Wyart, Sci- don) 401, 46 (1999.
ence279, 1704(1998. [23] S. Chaeb and F. Melo, Phys. Rev. &, 6091(1999.

[12] R. da Silveira, S. Chaieb, and L. Mahadevan, Scie?8@ [24] A. Boudaoud, P. Patio, Y. Couder, M. Ben Amar, Nature
1468(2000. (London 407, 718(2000.

[13] M. Skorobogatiy and L. Mahadevan, Europhys. L&8, 532  [25] The incompressibility amounts to a Poisson ratie 1/2.
(2000. [26] J. Amirbayat and J.W.S. Hearle, J. Text. In80, 51 (1989.

050601-3



